This paper presents a kinematic definition of a serialized Stewart platform designed for autonomous in-space assembly called an Assembler. The Assemblers architecture describes problems inherent to the inverse kinematics of overactuated mixed kinematic systems. This paper also presents a methodology for optimizing poses. In order to accomplish this with the Assembler system, an algorithm for finding a feasible solution to its inverse kinematics was developed with a wrapper for a nonlinear optimization algorithm designed to minimize the magnitude of forces incurred by each actuator. A simulated version of an Assembler was placed into a number of representative poses, and the positions were optimized. The results of these optimizations are discussed in terms of actuator forces, reachability of the platform, and applicability to highpayload structure assembly capabilities.
I. INTRODUCTION AND MOTIVATION
Autonomous assembly carries the potential to revolutionize exploration of space by enabling the construction of larger spaceborne structures, reducing the risk and expense of using humans and increasing accessibility to space. Current surface assembly robots operate in precise, calibrated environments, and have regular access to human maintenance. In space, none of these assumptions can be made, so systems must be robust in their own right. Robots in space, especially deep space, must be expected to operate with a degree of autonomy, must be capable of detecting and correcting error, and must be able to actuate precisely.
Current paradigms for the deployment of on-orbit infrastructure require either monolithic launches within a single ascent vehicle, such as with the Hubble Space Telescope, or on-orbit assembly by Astronauts, whose time and presence is expensive and limited. Robotic construction by contrast allows for assembly of structures without humans in the loop. Autonomous assembly of truss structures has been demonstrated at NASA Langley Research Center (LaRC) with the Lightweight Surface Manipulation System (LSMS) [1] , a large tendon-actuated serial arm, and NASA's Intelligent Jigging and Assembly Robot (NINJAR), a Stewart platform truss jig. The two robots worked in concert to demonstrate the assembly of a two bay truss structure [2] . Potential nearterm applications include large communications antennae, as was proposed with Archinaut [3] , large assembled telescopes such as LUVOIR [4] and iSAT [5] , and radiation shields.
The modular Assembler architecture arose from the work presented first in [2] and [6] . It consists of two or more 1 William Chapin is an undergraduate student at Virginia Tech wchapin@vt.edu 2 Dr. Komendera is an assistant professor of Mechanical Engineering at Virginia Tech komendera@vt.edu stacked Stewart platforms (SPs), each consisting of two plates connected by six linear actuators, enabling 6 degree of freedom (DOF) motion. The Assembler concept is of particular research interest to the space industry's desire to find alternatives to large, expensive, relatively flexible, single use-case serial manipulators for tasks that can only be performed in micro-gravity. The Assembler concept, by contrast, is cheap, easily mass produced, highly redundant, and corrects some of the instability and inaccuracy of long reach manipulators by virtue of its architecture as an actuatable truss structure. This paper defines a methodology to produce initial and optimal pose solutions for a four-SP Assembler stack [7] system in keeping with desired metrics such as force and plate angular deviation reduction. It expands on both the processes of simply generating valid kinematic poses for Assembler stacks and the methodology first presented in [8] . Instead of a two dimensional representation, this work accounts for the full kinematic freedom of the robot, aiming to allow trials on prototype hardware.
II. DEFINITION OF A SERIALIZED STEWART PLATFORM

A. Definition of Terms
This work uses two representations for transformations and rotations in 3D Euclidean space. The first is the transformation matrix, T (1).
The upper left quadrant is the rotation matrix, denoted R, which is a 3x3 matrix. The upper right quadrant contains a 3x1 vector, denoted p, which defines the translation (meters, in this case) of the object assigned the matrix. The lower quadrants complete the 4x4 transformation matrix. While this method provides a natural way to perform transformations, it requires 12 values plus the bottom row to represent a 6 degree of freedom quantity, which requires enforcing 6 constraints in any solver. The second method is the Translation-Axis-Angle (TAA) representation, which has 6 components for 6 degrees of freedom, consisting of three translational elements, and 3 orientation rotations around a standard axis, denoted Υ, as shown below. The rotation component is represented as an axis-angle multiplying the rotation value by its unit rotation axis. 
B. Stewart Platforms
A Stewart platform is a manipulation mechanism consisting of two plates joined together by six linear actuators which are anchored at three joint nodes on each plate. Frequently, the actuators of a Stewart platform are secured to each plate with a ball joint, but they can also be secured with universal joints, provided that the sum of degrees of freedom at each end of each actuator is at least 5. 
The forward kinematics (FK) of the Stewart platform are not consequential to an inverse kinematic, nonlinear optimization problem, so they are not described here. But except in specific cases, SP forward kinematics are solved numerically.
C. Serial-Parallel Mechanisms
The Assembler system, consisting of serialized Stewart platforms, can be abstractly represented as a serial arm. By treating the plates of the Assembler as the joints of a serial arm, the forward kinematic equation of the Assembler (4) closely matches the forward kinematics of a standard serial arm consisting of multiple revolte joints using the product of exponentials method (5). 
While this approximation is valid given the assumption of using the plate positions only as inputs for the forward kinematic function, the actuator lengths must be calculated by inverse kinematics after the plate positions are determined. The direct formulation of forward kinematics for the Assembler takes the actuator lengths as inputs and returns an end-effector position. The plate positions for each actuator must be calculated via numerical approximation for each platform, and then applied via a serial forward kinematic function (4) . Complicating this is the fact that, for any given set of Stewart platform actuator lengths, numerous positions may exist, which is multiplied by each plate.
Inverse kinematics of the Assembler can also be understood in the context of numerical serial arm inverse kinematics. Given a desired end effector pose, numerical approximation could be used to determine individual plate configurations, which could in turn be used to calculate actuator lengths of each constituent platform.
This approach has two primary weaknesses:
• Approximating an Assemblers plate as a serial arm joint fails because the 6DOF limits of its movement are dependent on the current configuration of the corresponding platform's legs, while serial arm joint limits are generally independent of the configuration of other joints, barring collisions. • Inverse kinematics of serial structures are generally dependent on numerical calculation of forward kinematics. Using leg lengths as inputs results in a numerical approximation wrapped inside numerical approximation, which is not time efficient. Assuming an inverse kinematic solution is obtained, verifying that the solution is optimal is a challenging task. The 24DOF overactuation of the robot leads to a large space of valid solutions for any desired end effector position. Initial work on choosing optimal positions to maximize the structural stiffness of an Assembler has been performed [8] , but was dependent on the assumption that the Assembler be confined to motion in two dimensions. The method proposed here extends this capability to three dimensions.
III. APPROXIMATING VALID SERIAL-PARALLEL IK SOLUTIONS
Naïve implementations of a nonlinear solver for the Assembler platform fail due to the range of possibilities for solving in a global space, requiring an initial condition. In order to hasten the solution finding process, it was necessary to generate an algorithm which could operate efficiently, and provide a valid, workable point which could serve as the initial condition for a constrained nonlinear solver.
The initial condition algorithm requires the creation of a "helper" serial arm shown in Fig. 2 , which assists in the inverse kinematics of the stack. The helper arm consists of a 3n DOF serial arm, where n is the number of platforms in the stack. Each set of 3 joints on the helper arm are co-located together, and consist of revolute joints about the x, y, and z-axes. Each joint cluster is initially placed d 0 meters apart, where d i is the distance between the top and bottom plates of a Stewart platform component of the Assembler in the home pose, which is defined to be the starting pose where all actuators are halfway extended.
The algorithm itself is recursive, and the general process is described here. It begins by solving constrained IK on the helper arm, and if it finds a valid solution to the goal pose, it places the Assemblers plates at the midpoints between the arm joints in a way to minimize angular deviation. If the arm does not find a valid configuration to the goal pose, it changes the value of d i and recurses, with d i scanning outward from the initial condition (d 0 ) with a user determined step size. This has the effect of changing the lengths of each link of the helper arm, approximating the internal extensions of each Stewart platform. If the algorithm hits a user defined recursion limit and no valid solution is found, it returns the Assembler home pose, and a failure flag. Given that a successful position is found, and the platform plates are placed accordingly, the algorithm runs inverse kinematics on each constituent Stewart platform, appends their leg lengths into a 6xn matrix and returns that matrix as the output of the function.
The purpose of this algorithm is to quickly generate a feasible initial condition for the Assembler to reach a goal position which does not violate any physical constraints. Other approaches to initializing a feasible solution may also be applied; further details of this and other options are beyond the scope of this paper.
IV. APPLICATION OF CONSTRAINED NONLINEAR OPTIMIZATION IN SERIAL-PARALLEL IK
Using an initial condition generated from the algorithm in the previous section, it is possible use any nonlinear optimization method, such as Python's scipy-optimize [9] package, to find a local minimum given a user-specified optimization metric.
A. Constraints 1) Leg Lengths: Each leg length, L i , of a given platform must not exceed the maximum leg length L max or be smaller than the minimum leg length L min (6) .
2) Angular Deviation: There is a maximum amount an actuator can deviate from its normal angle (defined as the angle created by the actuator's top and bottom anchor points and the bottom plate origin while all actuators are at 50% extension), before the actuator snaps free of its housing and the robot fails. Assembler actuator angles from normal can be calculated by (7) , where the denotation of rest indicates the position of the joint in the neutral pose.
Because θ must be constrained to a maximum deviation angle θ max this relationship must hold:
3) Forces: Each leg can tolerate a maximum compression force and a maximum tension force. These forces, denoted F (L i ), are signed (positive for tension, negative for compression). The force calculation takes into account forces acting on the end effector of the platform, in addition to the masses of the plates, actuator motors, and actuator pistons. Calculation of the forces assumes the Assembler unit is a static truss, and utlizes wrench formulation as described in Modern Robotics [10] . The maximum tension force in newtons can be denoted F T max , while the maximum compression force can be denoted F C max . The following relationship must hold (9) .
4) End Effector Position:
The initial condition to the equation X 0 will be determined from an existing algorithm that delivers a valid position for the platform stack where T EE must be equal to the goal position, T Goal . In order to retain this validity while optimizing the midplates, the following constraint (10) must be obeyed to ensure that none of the 6 end effector DOFs exceed predefined tolerances.
5) Continuous Translation Enforcement:
In order to ensure that the optimization function does not attempt to place a plate that either intersects or is behind the previous plate, the z-translation between corresponding joints on any given pair of plates must be positive, enforcing the relationship:
B. Optimization Function
The optimization function (13) is weighted between two terms. The first term selects the maximum leg force magnitude incurred throughout the structure. The second term calculates a measure of the average angular deviation of stewart platform plates from their resting poses. p rest i specifically describes the resting pose of plate i relative to the plate that precedes it. The weights w 1 and w 2 allow for the function to be tuned. For the purposes of this analysis, both were set to 1.
The general form of the optimization function is to minimize Ω(x) where x is a 1x18 vector consisting of the TAA poses in O of SPs 1-3. SP4 is placed at the goal pose. Execution of the algorithm is subject to all constraints described in section 4.1, where g i (x) == T rue.
V. SIMULATION
This section shows a representative set of poses that a 4unit Assembler platform might need to optimize for during the course of normal operation in manipulating objects. In each pose, a given mass of 5kg is suspended 0.2m from the end effector in the end effector's Z local frame, while plates are defined to weigh 0.2kg, and actuators 0.14kg, with the actuator shaft weighing 0.04kg and the actuator motor weighing 0.1kg. Gravity in the simulation is at 9.81m/s 2 . Forces are measured in Newtons (N ), with a negative force indicating compression of the actuator. For the purposes of the simulation, elements such as electronics and ball joints are massless, and the center of mass of actuators is perfectly in line with the load path.
A. Representative Poses 1) Horizontal Translations: In most cases for horizontal translation of the end-effector, the initial condition algorithm selects a pose fairly close to optimal. An uncharacteristically suboptimal position was intentionally selected as the initial condition for this optimization. Looking at a side view seen in Fig. 4 , the poses are fairly close together, with the green pose (the initial condition) presenting a slightly sharper internal angle between platforms 3 and 4. The difference between the two poses becomes more apparent when viewed from the top view shown in Fig. 3 . The initial condition pose has a large swing out to the side; an artifact of how the pose is generated using a helper arm. Table I shows the initial and final forces on the actuators in newtons. The force table was included for this pose due to more fully express the optimization the platform followed. The maximum absolute force of the initial pose is a compression load of 145N , incurred on the first actuator on platform 1, directly beneath the overhang. The actuator is at Fig. 3 . Optimization of the platform was able to reduce the maximum force from 145N to 43.8N , still on the same actuator. This massive reduction of force was made possible by shifting the centers of mass of the Assembler plates inline between the base and the end effector. The mean magnitude of forces on all actuators was reduced from 50N to 27N , mostly in part to outliers such as the actuator described above. Additionally, the sharpness of the internal angles of the plates was reduced as well, which is a result of the secondary part of the objective function, attempting to reduce angular plate deviation locally between platforms. 2) 90 Degree Horizontal Translations: The Assembler may also be required to place items onto fixtures which are perpendicular to the mountings of the robot. This pose represents the beginning of a linear translation forward, where the end effector will be kept at an angle of 90 degrees relative to the base plate. With the end effector of the robot only 0.2m in front of the origin point as shown in Fig.  5 , the robot was able to collapse its platforms towards the base, slightly increasing the interior angles on the final two platforms, but decreasing the overall forces incurred by the actuators. The maximum force drops by 50% from 40.9N to 20.2N , while the mean force drops from 20.2N to 15N .
B. Inchworming Locomotion
In situations where the Assembler unit is not being moved about in the global work space by a long reach manipulator such as the LSMS, its only available locomotion options are to either roll, or to inchworm itself across the surface of its environment. This case describes such a motion, where the Assembler reaches down to the floor. This case considers load optimization of the Assembler whilst it is still supported at a single point, immediately prior to contact with its endeffector. The comparison of initial and force optimized poses is in Fig. 6 . In this scenario, the mean absolute force was not actually reduced, but the maximum force was. In Table II , included due to the interesting nature of this optimization, the maximum applied force was reduced from a magnitude of 80.6N to 52.7N , while the mean force increased from 25.9N to 28.3N . The reason for this phenomenon was that in the initial, evenly distributed pose, the largest forces were all concentrated in the bottom platform, while latter platforms experienced lessened forces. The optimizer pulled the plates back towards the origin as much as possible while staying within angular constraints, reducing the maximum forces incurred on the bottom plate while overall forces became more tightly clustered. The greatest magnitude of 
C. Lifting Objects Vertically from the Floor
Superficially similar to the inchworming position, this pose represents a use case where the Assembler may be required to pick an object off of the floor nearby before using it in a task. This pose assumes that the Assembler must translate its end effector directly downward to achieve a connection to the desired object. Like the inchworming position, the maximum force of 73.1N is reduced to 47.9N while the mean force of 26.5N is increased to 31N . Plate positions again shrink closer to the origin in an effort to shift the center of mass away from the end effector. This reduces strain on the bottom plate, but also on the compression forces placed on the inside actuators.
D. Orientation Transition
In the process of lifting an object, the Assembler may have to transition the object to different orientations. The pose shown in Fig. 8 demonstrates one such case, while also affording a pose with excellent room for optimization, as shown. The optimized pose arches backward behind the base position of the Assembler to shift the center of mass behind the origin and better distribute loads on the platforms. The maximum force is cut in half from a force of 66.2N in platform 3 to 31.3N in platform 1. In this case, the mean force is also reduced from 24.5N to 17.7N as the Assembler is able to better distribute loads across its base pose. Physical prototypes of truss-like robots such as the Assembler system will be evaluated for use in surface and orbital environments via demonstration of multi-agent autonomous assembly. Multiple Assembler units could join together in macro-configurations such as the hexapod-type robot shown in Figure 9 , which would be able to carry heavy payloads beyond the capacity of any single Assembler unit over great distances, improved by the force optimization described here. This configuration would also allow for the carrying of additional computational power in the central core area, supporting assembly tasks by coordinating nearby robots.
The force optimization function itself can be improved by increasing the computational speed of the function, or optimizing by additional optional metrics such as structural stiffness of the Assembler or minimum required movement to get from position to position. It is worth looking into motion planning as a function of optimimal positions, and developing more accurate force simulation, such as adding support for multi-point force calculations.
VII. CONCLUSION
The range of applications for modular truss-like robots encompasses both orbital and terrestrial domains. On-orbit, cooperative systems can build and maintain persistent infrastructure and use their strength and precision to form the backbone of reconfigurable structures, such as modular telescopes. In terrestrial applications, Assembler macroconfigurations could explore hazardous areas, and establish initial work sites where permanent infrastructure could be later erected by multi-agent robotic teams.
The ability to now generate force-optimized actuator configurations given a desired end-effector configuration not Fig. 9 : Hexapod Platform Made of Assembler Stacks only opens the door to higher fidelity simulation, but increases the capability of the robot to safely manipulate useful payloads. Predictable positioning of internal components of the robots will drive more complete motion planning algorithms, while results from hardware tests informed by this new kinematic model will allow for the development of an eventual demonstration consisting of a multi-agent robotic team erecting a simple structure such as a mock habitat or backbone truss.
